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BOGOMOLOV MULTIPLIERS OF SOME GROUPS OF ORDER p6
YIN CHEN AND RUI MA
ABSTRACT. Let G be a finite group, V a faithful finite-dimensional representation of G over
the complex field C and C(V )G be the corresponding invariant field. The Bogomolov multiplier
B0(G) of G is canonically isomorphic to the unramified cohomological group H
2
nr(C(V )
G,Q/Z),
which has been used by Saltman (1984) and Bogomolov (1988) to provide counter-examples to
the rationality problem of C(V )P for finite p-groups P over C. In this paper, we investigate the
vanishing property of B0(P), where P denotes a p-group of order p
6 for p> 3.
1. INTRODUCTION
LetG be a finite group andH2(G,Q/Z) be the Schur multiplier ofG. For a subgroupA6G, we
use resGA to denote the usual restriction map from H
2(G,Q/Z) to H2(A,Q/Z). The Bogomolov
multiplier B0(G) of G is defined as the intersection of all kernels of res
G
A where A runs over all
bicyclic subgroups of A. In 1988, Bogomolov [3] proved that B0(G) is canonically isomorphic
to the unramified cohomological group H2nr(C(V )
G,Q/Z), which is important to the birational
geometry of the quotient variety V/G, especially to answer the (retract) rationality problem of
the invariant field C(V )G; see Artin-Mumford [1] and Saltman [22]. In particular, Bogomolov
[3] used the non-vanishing property of B0(P) as an obstruction to find a p-group P of order p
6
such that the classical Noether’s problem over C has a negative answer, i.e., the invariant field
C(P) := C(xg | g ∈ P)
P is not rational over C. This reduces the order of the finite p-group in the
first counter-example of Saltman [22] to the classical Noether’s problem over C. Since then, it
is natural to classify nonabelian finite p-groups P of order 6 p6 with B0(P) = 0; see Bogomolov
[3, Remark 1, page 479]. Note that the classical Noether’s problem for finite abelian groups has
been answered completely; see for example Swan [23] for a survey.
A result due to Chu-Kang [5] states that for a prime p and any p-group P of order 6 p4, the
invariant field C(V )P is rational over C, where V denotes a faithful finite-dimensional represen-
tation of G over C. This result particularly implies that B0(P) = 0 for any p-group P of order
6 p4. In [3], Bogomolov also claimed that B0(P) = 0 for any p-group P of order p
5. Chu-Hu-
Kang-Prokhorov [7] affirmatively answered the Noether’s problem for the group of order 32,
thus confirming the Bogomolov’s claim for the case p = 2. However, Moravec [18] provided
three groups of order 35 with nonzero Bogomolov multipliers to demonstrate that Bogomolov’s
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claim was not correct for any prime p > 2. Furthermore, Moravec [19] proved that if two finite
groups G and H are isoclinic, then B0(G) is isomorphic to B0(H). This result leads one to define
the Bogomolov multiplier B0(Φ) := B0(G), where Φ is an isoclinic family containing a group G.
Recall that for a prime p > 3, James [9] in 1980 has already classified all nonabelian groups of
order p5 and p6 into 9 isoclinic families: Φ2, . . . ,Φ10 and into 42 isoclinic families: Φ2, . . . ,Φ43
respectively. Moravec [17] and Hoshi-Kang-Kunyavskii [8] used different methods to prove that
if P is a nonabelian group of order p5(p > 3), then B0(P) = 0 if and only if P < Φ10. In 2010,
Chu-Hu-Kang-Kunyavskii [6] classified all nonabelian groups P of order 26 with B0(P) = 0.
The purpose of this article is to study the vanishing property of B0(P) for a nonabelian group
P of order p6(p> 3). Our main result can be summarized as following.
Theorem 1.1. Let p> 3 be a prime and {Φk | 26 k6 43} be the set of isoclinic families of groups
of order p6. Then B0(Φk) is not zero for k ∈ ∆ := {10,18,20,21,36,38,39} and B0(Φi) = 0 for
k ∈ {2,3, . . . ,43}\ (∆∪{15,28,29}).
REMARK 1.2. By the computer’s calculation, it was conjectured that B0(Φ15) = B0(Φ28) =
B0(Φ29) = 0. However, we are not able to confirm this conjecture.
We notice that there are a number of articles addressing the vanishing property of the Bogo-
molov multipliers for non p-groups; see, for example, finite simple groups (Bogomolov-Maciel-
Petrov [4] and Kunyavskii [13]), unitriangular groups (Michailov [16]), and rigid finite groups
(Kang-Kunyavskii [12], Rai-Yadav [21], and Rai [20]).
In Section 2, we recall a group-theoretic description due to Moravec [18] for B0(G) and col-
lect some well-known identities and properties on nilpotent groups, commutator subgroups and
nonabelian exterior squares, which will be used repeatedly in our proofs. Section 3 is devoted
to proving, case by case, that B0(Φi) = 0 for k ∈ {2,3, . . . ,43}\ (∆∪{15,28,29}). In Section 4,
we prove that B0(Φk) is not zero for k ∈ ∆. Throughout this article, for a group G and x,y ∈ G,
we define xy := y−1xy and write x−1xy = x−1y−1xy for the commutator [x,y]. We also define
[x1, . . . ,xn] := [· · · [x1, . . . ,xn−1],xn] for x1, . . . ,xn ∈ G and n > 2. In particular, we use [x,n y] to
denote [x,y, . . . ,y] with n copies of y.
2. PRELIMINARIES
Let G be a group and ϕ be an automorphism of G. We denote by Gϕ := {xϕ | x ∈ G} the
isomorphic copy of G via x 7→ xϕ . Define τ(G) to be the group generated by G and Gϕ , subject
to the commutator relations:
[x,yϕ ]z = [xz,(yz)ϕ ] = [x,yϕ ]z
ϕ
and [x,xϕ ] = 1
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for all x,y,z ∈ G. The groups G and Gϕ can be regarded to subgroups of τ(G). Let [G,Gϕ ] :=
〈[x,yϕ ] | x,y∈G〉 be the commutator subgroup in τ(G). Note that [G,Gϕ ] is isomorphic toG∧G,
the nonabelian exterior square of G; see for example Blyth-Morse [2, Proposition 16].
Consider the commutator subgroup [G,G] of G. There exists a natural group homomorphism
ρ : [G,Gϕ ] −→ [G,G] defined by [x,yϕ ] 7→ [x,y] for all x,y ∈ G. Let M(G) be the kernel of ρ ,
i.e.,
M(G) :=
{∏
finite
[xi,y
ϕ
i ]
εi ∈ [G,Gϕ ]
∣∣∣ εi =±1,∏
finite
[xi,yi]
εi = 1
}
and define
M0(G) :=
{∏
finite
[xi,y
ϕ
i ]
εi ∈ [G,Gϕ ]
∣∣∣ εi =±1, [xi,yi] = 1, for each i
}
.
Clearly, M0(G) is a subgroup of M(G). Furthermore, B0(G) is isomorphic to the quotient group
M(G)/M0(G); see Moravec [17, Section 2].
Here we collect some useful properties of τ(G) and [G,Gϕ ] as follows.
Proposition 2.1. Let G be a group, ϕ be an automorphism of G and x,y,z,w ∈ G be arbitrary
elements. Then
(1) [x,yz] = [x,z][x,y]z = [x,z][x,y][x,y,z] and [xy,z] = [x,z]y[y,z] = [x,z][x,z,y][y,z].
(2) [x,yϕ ] = [xϕ ,y].
(3) [x,y,zϕ ] = [x,yϕ ,z] = [xϕ ,y,z] = [x,yϕ ,zϕ ] = [xϕ ,yϕ ,z] = [xϕ ,y,zϕ ].
(4) [[x,yϕ ], [z,wϕ ]] = [[x,y], [z,w]ϕ].
(5) If [x,y] = 1, [xn,yϕ ] = [x,yϕ ]n = [x,(yϕ)n] for all n ∈ Z.
Proof. The equalities in (1) can be verified through direct computations. For the remaining
statements, we note that the nonabelian exterior square G∧G of a group G is a quotient of the
nonabelian tensor product G⊗G, thus the equalities in (2)–(5) follow from Blyth-Morse [2,
Lemmas 9, 10, and 11]. 
Given a group G, we define G1 := G and Gn := [Gn−1,G] for n > 2. Recall that G is nilpotent
if there exists a c ∈ N such that Gc+1 = {1}; the least such c is called the class of the nilpotent
group G.
Proposition 2.2. Let G be a group and ϕ be an automorphism of G.
(1) If G is nilpotent of class c, then τ(G) is nilpotent of class 6 c+1.
(2) If [G,G] is nilpotent of class c, then [G,Gϕ ] is nilpotent of class c or c+1.
(3) If G is nilpotent of class 6 2, then [G,Gϕ ] is abelian.
(4) If G is nilpotent group of class 6 3, then
[x,yn] = [x,y]n[x,2 y]
(n2)[x,3 y]
(n3)
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for all x,y ∈ τ(G) and all n ∈ N+.
(5) If H is nilpotent group of class 6 5, then
[xn,y] = [x,y]n[x,y,x](
n
2)[x,y,2 x]
(n3)[x,y,3 x]
(n4)[x,y,x, [x,y]]δ (n)
for all x,y ∈ H and all n ∈N+, where δ (n) := n(n−1)(2n−1)
6
. In particular, if [x,y] belongs
to the center of H, then [xn,y] = [x,y]n.
Proof. These statements follow from Moravec [17, Lemmas 2.1, 3.1, and 3.7]. 
Recall that a group G is called polycyclic if there exists a subnormal series G = G1 ⊲ G2 ⊲
· · · ⊲Gn+1 = {1} such that each factor Gk/Gk+1 is cyclic of order rk. Clearly, a polycyclic group
is solvable. A sequence x1, . . . ,xn of elements of a finite polycyclic groupG is called a polycyclic
generating sequence of G if Gk can be generated by Gk+1 and xk for k = 1, . . . ,n. The number
rk is called the relative order of xk. An element x in a polycyclic generating sequence is said to
be absolute if the relative order of x and the order of x are equal.
Lemma 2.3 ([2], Proposition 20). Let G be a finite polycyclic group with a polycyclic generating
sequence x1, . . . ,xn. Then [G,G
ϕ ], as a subgroup of τ(G), is generated by {[xi,x
ϕ
j ] | 16 i< j 6 n}.
Lemma 2.4 ([17], Proposition 3.2). Let p > 5 be a prime and G be a finite p-group of nilpotency
class 6 3. Let x1, . . . ,xn be a polycyclic generating sequence of G. If all nontrivial commutators
[xi,x j](i< j) are different absolute elements of {x1, . . . ,xn}, then B0(G) = 0.
Lemma 2.5 ([11], Theorem 1.4). Let G and H be two finite groups. Then B0(G×H) is isomor-
phic to B0(G)×B0(H).
3. VANISHING BOGOMOLOV MULTIPLIERS
Throughout this and next sections, we use ν to denote the smallest positive integer which is
non-quadratic residue modulo p and use µ to denote the smallest positive integer which is a
primitive root modulo p; we define α
(p)
i+1 := α
p
i+1α
(p2)
i+2 · · ·α
(pk)
i+k · · ·α
(pp)
i+p; we also follow James’s
notations in the list of isoclinic families of groups of orders p5 and p6 for p> 3; see [9].
Proposition 3.1. B0(Φk) = 0, for k ∈ {2,3, . . . ,17}\{10,15} and B0(Φ10) , 0.
Proof. It follows from Lemma 2.5 that B0(Φ2) = B0(Φ2(411)a)  B0(Φ2(41))×B0((1)), where
Φ2(41) belongs to the second isoclinic family of groups of order p
5 and (1) denotes the cyclic
group of order p. By Hoshi-Kang-Kunyavskii [8, Theorem 1.12] we see that B0(Φ2(41)) = 0.
Further, it follows from Chu-Kang [5, Theorem 1.6] that B0((1)) = 0. This proves B0(Φ2) = 0.
Applying the same method, we see that B0(Φ3) = B0(Φ4) = · · · = B0(Φ9) = B0(Φ12) = 0 and
B0(Φ10) , 0.
BOGOMOLOV MULTIPLIERS OF SOME GROUPS OF ORDER p6 5
Note that Φ11(1
6) ∈ Φ11 has polycyclic presentation: {α1,β1,α2,β2,α3,β3} is the generating
set, subject to all nontrivial commutator relations [α1,α2] = β3, [α2,α3] = β1, [α3,α1] = β2 and
the orders of all generators are p. As Φ11(1
6) has nilpotency class 2, it follows Lemma 2.4 that
B0(Φ11) = B0(Φ11(1
6)) = 0. Similarly, we have B0(Φ14) = B0(Φ16) = B0(Φ17) = 0.
To show B0(Φ13) = 0, we take G = Φ13(1
6) as a representative in Φ13. Comparing with the
polycyclic presentation of G given by James [9, page 626] and replacing α3 by α
p−1
3 , we obtain
a new polycyclic presentation for G:
〈α1, . . . ,α4,β1,β2 | [α1,α2] = β1, [α3,α1] = β2 = [α2,α4],α
p
1 = α
p
2 = α
p
3 = α
p
4 = β
p
1 = β
p
2 = 1〉
where the trivial commutator relations have been deleted. As G has nilpotency class 2, Proposi-
tion 2.2 (3) implies that [G,Gϕ ] is abelian. It follows from Lemma 2.3 that the group [G,Gϕ ] is
generated by [α1,α
ϕ
2 ], [α1,α
ϕ
3 ] and [α2,α
ϕ
4 ]moduloM0(G), which implies that each w∈ [G,G
ϕ ]
can be written as
w= [α1,α
ϕ
2 ]
r[α1,α
ϕ
3 ]
s[α2,α
ϕ
4 ]
t ·w0
for some w0 ∈M0(G). Now suppose w ∈M(G) is an arbitrary element. To show B0(G) = 0, it
suffices to show w ∈M0(G). As 1 = ρ(w) = β
r
1β
t−s
2 and β1,β2 are elements in the polycyclic
generating sequence, we see that β r1 = β
t−s
2 = 1. Note that β1 and β2 have order p. Hence, r and
t− s both are divisible by p. We claim that [α1,α
ϕ
2 ]
p = 1. By Proposition 2.2 (4), we have
1= [α
ϕ
1 ,1] = [α
ϕ
1 ,α
p
2 ] = [α
ϕ
1 ,α2]
p[α
ϕ
1 ,2α2]
(p2)[α
ϕ
1 ,3α2]
(p3).
Proposition 2.2 (1) implies that τ(G) has nilpotency class at most 3. Thus [α
ϕ
1 ,3α2] = 1. Further,
by Proposition 2.1 (3), we see that [α
ϕ
1 ,2α2]
(p2) = [α
ϕ
1 ,α2,α2]
(p2) = [α1,α2,α
ϕ
2 ]
(p2) = [β1,α
ϕ
2 ]
(p2).
Since [β1,α2] = 1, it follows from Proposition 2.1 (5) that [β1,α
ϕ
2 ]
(p2) = [β
(p2)
1 ,α
ϕ
2 ] = [1,α
ϕ
2 ] = 1.
Hence, by Proposition 2.1 (2), we have [α1,α
ϕ
2 ]
p = [α
ϕ
1 ,α2]
p = 1 and the claim follows. A
similar argument shows that [α1,α
ϕ
3 ]
p = 1= [α2,α
ϕ
4 ]
p. Thus w can be written as
w= ([α1,α
ϕ
3 ][α2,α
ϕ
4 ])
sw0.
Now it suffices to show [α1,α
ϕ
3 ][α2,α
ϕ
4 ] ∈ M0(G). Note that G has nilpotency class 2 and by
Proposition 2.1 (1), we have [α1α2,α3α4] = [α1,α4][α2,α4][α1,α3][α2,α3] = 1. This means that
[α1α2,α
ϕ
3 α
ϕ
4 ] ∈M0(G). Expanding this element by repeatedly applying the identities in Propo-
sition 2.1, we obtain
[α1α2,α
ϕ
3 α
ϕ
4 ] = [α1α2,α
ϕ
4 ] · [α1α2,α
ϕ
3 ] · [α1α2,α
ϕ
3 ,α
ϕ
4 ]
= [α1,α
ϕ
4 ][α1,α
ϕ
4 ,α2][α2,α
ϕ
4 ] · [α1,α
ϕ
3 ][α1,α
ϕ
3 ,α2][α2,α
ϕ
3 ] ·
[[α1,α3][α1,α3,α2][α2,α3],α
ϕ
4 ]
= [α1,α
ϕ
4 ][α2,α
ϕ
4 ] · [α1,α
ϕ
3 ][β
−1
2 ,α
ϕ
2 ][α2,α
ϕ
3 ] · [β
−1
2 ,α
ϕ
4 ].
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Since [α1,α
ϕ
4 ], [β
−1
2 ,α
ϕ
2 ], [α2,α
ϕ
3 ], [β
−1
2 ,α
ϕ
4 ] and [α1α2,α
ϕ
3 α
ϕ
4 ] are elements in M0(G), it fol-
lows that [α1,α
ϕ
3 ][α2,α
ϕ
4 ] ∈M0(G). Hence, B0(Φ13) = 0 and the proof is completed. 
Proposition 3.2. B0(Φ19) = 0.
Proof. Let G = Φ19(1
6). Then it is generated by {α,α1,α2,β ,β1,β2} for which all elements
have order p, subject to the following nontrivial commutator relations:
{[α1,α2] = β , [β ,α1] = β1 = [α,α1], [β ,α2] = β2}.
It follows from Lemma 2.3 that the group [G,Gϕ ] is generated by [α,α
ϕ
1 ], [α1,α
ϕ
2 ], [α1,β
ϕ ]
and [α2,β
ϕ ] modulo M0(G). Any two elements of these generators are commuting modulo
M0(G). In fact, by Proposition 2.1 (4), we see that [[α,α
ϕ
1 ], [α1,α
ϕ
2 ]] = [[α,α1], [α1,α2]
ϕ ] =
[β1,β
ϕ ] ∈ M0(G). Similarly, for i = 1,2, we have [[α,α
ϕ
1 ], [αi,β
ϕ ]] = [β1,(β
−1
i )
ϕ ] ∈ M0(G),
[[α1,α
ϕ
2 ], [αi,β
ϕ ]] = [β ,(β−1i )
ϕ ]∈M0(G) and [[α1,β
ϕ ], [α2,β
ϕ ]] = [β1,(β
−1
2 )
ϕ ]∈M0(G). Thus,
each element w ∈ [G,Gϕ ] can be expressed as
w= [α,α
ϕ
1 ]
m[α1,α
ϕ
2 ]
n[α1,β
ϕ ]s[α2,β
ϕ ]t ·w0
for some w0 ∈M0(G). Note that [G,G] is an abelian group, it follows from Proposition 2.2 (2)
that [G,Gϕ ] has nilpotency class at most 2. As in the case of Φ13, we observe that each w∈M(G)
can be written as w = ([α,α
ϕ
1 ][α1,β
ϕ ])s ·w0 for some w0 ∈ M0(G). Now it suffices to show
that [α,α
ϕ
1 ][α1,β
ϕ ] ∈ M0(G). Since [αα1,α1β ] = 1, it follows that [αα1,(α1β )
ϕ ] ∈ M0(G).
Moreover,
[αα1,(α1β )
ϕ ] = [αα1,β
ϕ ][αα1,α
ϕ
1 ][αα1,α
ϕ
1 ,β
ϕ ]
= [α,β ϕ ][α1,β
ϕ ][α,α
ϕ
1 ][β1,α
ϕ
1 ][α,α
ϕ
1 ][αα1,α1,β
ϕ ]
= [α,β ϕ ][α1,β
ϕ ][α,α
ϕ
1 ][β1,α
ϕ
1 ][α,α
ϕ
1 ][β1,β
ϕ ]
which, together with the fact that [α,α
ϕ
1 ] commutes with [α1,β
ϕ ] modulo M0(G), implies that
[α,α
ϕ
1 ][α1,β
ϕ ] ∈M0(G). Hence, B0(Φ19) = 0. 
Proposition 3.3. B0(Φ22) = 0.
Proof. We take G= Φ22(1
6). As p> 3, the polycyclic presentation of G in James [9] gives rise
to another polycyclic presentation of G in which all generators α,α1,α2,α3,β1,β2 are of order
p and have the following nontrivial commutator relations:
[α1,α] = α2, [α2,α] = α3 = [β1,β2].
By Lemma 2.3, the group [G,Gϕ ] is generated by [α1,α
ϕ ], [α2,α
ϕ ] and [β1,β
ϕ
2 ] moduloM0(G).
Note that [[α1,α
ϕ ], [α2,α
ϕ ]] = [[α1,α
ϕ ], [β1,β
ϕ
2 ]] = [α2,α
ϕ
3 ] ∈M0(G) and [[α2,α
ϕ ], [β1,β
ϕ
2 ]] =
[α3,α
ϕ
3 ] ∈M0(G). This means that every element in [G,G
ϕ ] can be expressed as
[α1,α
ϕ ]r[α2,α
ϕ ]s[β1,β
ϕ
2 ]
t ·w0
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for some w0 ∈ M0(G). As [G,G] is an abelian group, it follows from Proposition 2.2 (2) that
[G,Gϕ ] has nilpotency class at most 2. As in the case of Φ13, we observe that each w ∈ M(G)
can be written as
w= ([α2,α
ϕ ][β1,β
ϕ
2 ]
−1)t ·w0
for somew0 ∈M0(G). To complete the proof, we need to prove that [α2,α
ϕ ][β1,β
ϕ
2 ]
−1 ∈M0(G).
As [α2β2,αβ1] = 1, it follows that [α2β2,(αβ1)
ϕ ] ∈M0(G). Extending [α2β2,(αβ1)
ϕ ], we see
that [α2β2,(αβ1)
ϕ ] = [α2,β
ϕ
1 ][β2,β
ϕ
1 ][α2,α
ϕ ][α3,β
ϕ
2 ][β2,α
ϕ ][α3,β
ϕ
1 ]. Note that
[α2,β
ϕ
1 ], [α3,β
ϕ
2 ], [β2,α
ϕ ], [α3,β
ϕ
1 ] ∈M0(G).
Hence, [α2,α
ϕ ][β1,β
ϕ
2 ]
−1 = [α2,α
ϕ ][β2,β
ϕ
1 ] ∈M0(G). 
Proposition 3.4. B0(Φ23) = 0.
Proof. We take G= Φ23(1
6). As p> 3, the polycyclic presentation of G in James [9] consists of
6 generators α,α1,α2,α3,α4,γ of order p and 4 nontrivial commutator relations:
[α1,α] = α2, [α2,α] = α3, [α3,α] = α4, [α1,α2] = γ.
It follows from Lemma 2.3 that the group [G,Gϕ ] is generated by [α1,α
ϕ ], [α2,α
ϕ ], [α3,α
ϕ ] and
[α1,α
ϕ
2 ] moduloM0(G). Any two of these generators are commuting moduloM0(G). Thus each
element w of [G,Gϕ ] can be expressed as
w=
(
3∏
i=1
[αi,α
ϕ ]mi
)
· [α1,α
ϕ
2 ]
n ·w0
where w0 ∈M0(G). Moreover, as w ∈M(G), we see that α
m1
2 α
m2
3 α
m3
4 γ
n = 1. Hence, m1,m2,m3
and n are all divisible by p.
Recall that G has nilpotency class 4, it follows from Proposition 2.2 (1) that τ(G) is nilpotent
of class at most 5. Applying Proposition 2.2 (5) on the case (x,y,n) = (α1,α
ϕ
2 , p) in H = τ(G),
we have
[α
p
1 ,α
ϕ
2 ] = [α1,α
ϕ
2 ]
p[α1,α
ϕ
2 ,α1]
(p2)[α1,α
ϕ
2 ,2α1]
(p3)[α1,α
ϕ
2 ,3α1]
(p4)[α1,α
ϕ
2 ,α1, [α1,α
ϕ
2 ]]
δ (p)
where δ (p) = p(p−1)(2p−1)
6
. Note that [α1,α
ϕ
2 ,α1]
(p2) = [α1,α2,α
ϕ
1 ]
(p2) = [γ,α
ϕ
1 ]
(p2). As [γ,α1] =
1, it follows from Proposition 2.1 (5) that [γ,α
ϕ
1 ]
(p2) = [γ(
p
2),α
ϕ
1 ] = [1,α
ϕ
1 ] = 1. We further
observe that [α1,α
ϕ
2 ,2α1]
(p3) = [α1,α
ϕ
2 ,3α1]
(p4) = [α1,α
ϕ
2 ,α1, [α1,α
ϕ
2 ]]
δ (p) = 1. Thus
[α1,α
ϕ
2 ]
p = [α p1 ,α
ϕ
2 ] = [1,α
ϕ
2 ] = 1.
Similarly, one shows that [α1,α
ϕ ]p = [α2,α
ϕ ]p = [α3,α
ϕ ]p = 1. Therefore, w = w0 ∈ M0(G)
and B0(Φ23) = 0. 
Proposition 3.5. B0(Φ24) = 0.
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Proof. Let G= Φ24(1
6). The polycyclic presentation of G in James [9] consists of 6 generators
α,α1,α2,α3,α4,β of order p and 4 nontrivial commutator relations:
[α1,α] = α2, [α2,α] = α3, [α3,α] = α4 = [α1,β ].
By Lemma 2.3, the group [G,Gϕ ] is generated by [α1,α
ϕ ], [α2,α
ϕ ], [α3,α
ϕ ] and [α1,β
ϕ ]modulo
M0(G). Any two of these generators are commuting modulo M0(G). Thus each element w of
[G,Gϕ ] can be expressed as
w=
(
3∏
i=1
[αi,α
ϕ ]mi
)
· [α1,β
ϕ ]n ·w0
where w0 ∈M0(G). Moreover, as w ∈M(G), we see that α
m1
2 α
m2
3 α
m3+n
4 = 1. Hence, m1,m2 and
m3+n are all divisible by p. As in the case of Φ23, one can show that [αi,α
ϕ ]p = 1= [α1,β
ϕ ]p
for i= 1,2,3. Thus
w= ([α3,α
ϕ ][α1,β
ϕ ]−1)m3 ·w0
for some w0 ∈M0(G). Note that [α3β ,αα1] = 1, so [α3β ,(αα1)
ϕ ] ∈M0(G). On the other hand,
[α3β ,(αα1)
ϕ ] = [α3,α
ϕ
1 ][α3,α
ϕ ][α4,α
ϕ
1 ][α4,β
ϕ ][β ,α
ϕ
1 ][β ,α
ϕ ].
Hence, [α3,α
ϕ ][α1,β
ϕ ]−1 ∈M0(G) and w ∈M0(G), as desired. 
Proposition 3.6. B0(Φ25) = B0(Φ26) = 0.
Proof. Here we only give the proof for the case Φ25, as the proof for the case Φ26 is almost same.
We take G = Φ25(222). The polycyclic presentation of G in James [9] consists of 5 generators
α,α1,α2,α3,α4 and the following nontrivial relations:
[α1,α] = α2, [α2,α] = α3, [α3,α] = α4 = α
(p)
2 ,α
(p)
1 = α3,α
p2 = α
p
3 = α
p
4 = 1.
By Lemma 2.3, the group [G,Gϕ ] is generated by [α1,α
ϕ ], [α2,α
ϕ ] and [α3,α
ϕ ]moduloM0(G).
For 1≤ i< j ≤ 3, we have
[[αi,α
ϕ ], [α j,α
ϕ ]] = [[αi,α], [α j,α]
ϕ ] = [αi+1,α
ϕ
j+1] ∈M0(G)
which means that [αi,α
ϕ ] and [α j,α
ϕ ] commutates modulo M0(G). Thus each element w of
[G,Gϕ ] can be expressed as
w=
3∏
i=1
[αi,α
ϕ ]mi ·w0
where w0 ∈M0(G). Since w ∈M(G), it follows that α
m1
2 α
m2
3 α
m3
4 = 1. Hence, m2 and m3 both
are divisible by p, and p2 divides m1. As in the case of Φ23, one can show that [α1,α
ϕ ]p
2
=
[α2,α
ϕ ]p = [α3,α
ϕ ]p = 1. Hence, w= w0 ∈M0(G) and B0(Φ25) = 0. 
Proposition 3.7. B0(Φ27) = 0.
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Proof. Let G= Φ27(1
6). The polycyclic presentation of G in James [9] consists of 6 generators
α,α1,α2,α3,α4,β of order p and 5 nontrivial commutator relations:
[α1,α] = α2, [α2,α] = α3, [α3,α] = α4 = [α1,β ] = [α1,α2].
By Lemma 2.3, the group [G,Gϕ ] is generated by [α1,α
ϕ ], [α2,α
ϕ ], [α3,α
ϕ ], [α1,β
ϕ ] and [α1,α
ϕ
2 ]
moduloM0(G). One can check that any two of these generators are commuting modulo M0(G).
Thus each element w of [G,Gϕ ] can be expressed as
w=
(
3∏
i=1
[αi,α
ϕ ]mi
)
· [α1,β
ϕ ]s · [α1,α
ϕ
2 ]
t ·w0
wherew0 ∈M0(G). Asw∈M(G), we see that α
m1
2 α
m2
3 α
m3+s+t
4 = 1. Hence,m1,m2 andm3+s+t
are all divisible by p.As in the case ofΦ23, one can show that [α1,α
ϕ
2 ]
p= [α1,β
ϕ ]p= [αi,α
ϕ ]p=
1 where i= 1,2,3. Thus,
w= [α3,α
ϕ ]m3 · [α1,β
ϕ ]−m3−t · [α1,α
ϕ
2 ]
t ·w0.
To complete the proof, it suffices to show that [α3,α
ϕ ][α1,β
ϕ ]−1 and [α1,β
ϕ ]−1[α1,α
ϕ
2 ] both
are inM0(G). The fact that [α3β ,αα1] = 1 implies that [α3β ,(αα1)
ϕ ] ∈M0(G). Note that
[α3β ,(αα1)
ϕ ] = [α3,α
ϕ
1 ][α3,α
ϕ ][α4,α
ϕ
1 ][α4,β
ϕ ][β ,α
ϕ
1 ][β ,α
ϕ ]
and [α3,α
ϕ
1 ], [α4,α
ϕ
1 ], [α4,β
ϕ ], [β ,αϕ ] belong to M0(G). Hence, [α3,α
ϕ ][α1,β
ϕ ]−1 ∈ M0(G).
Similarly, as [βα1,α1α2] = 1, one can expand [βα1,(α1α2)
ϕ ] to see that [α1,β
ϕ ]−1[α1,α
ϕ
2 ] ∈
M0(G). Therefore, w ∈M0(G) and B0(Φ27) = 0. 
Proposition 3.8. B0(Φ30) = 0.
Proof. We take G= Φ30(1
6). The polycyclic presentation of G in James [9] consists of 6 gener-
ators α,α1,α2,α3,α4,β of order p and 5 nontrivial commutator relations:
[α1,α] = α2, [α2,α] = α3 = [α1,β ], [α2,β ] = α4 = [α3,α].
By Lemma 2.3, the group [G,Gϕ ] is generated by [α1,α
ϕ ], [α2,α
ϕ ], [α1,β
ϕ ], [α2,β
ϕ ] and [α3,α
ϕ ]
moduloM0(G). As before, one can check that any two of these generators are commuting mod-
uloM0(G). Thus each element w of [G,G
ϕ ] can be expressed as
w= [α1,α
ϕ ]m[α2,α
ϕ ]n[α1,β
ϕ ]r[α2,β
ϕ ]s[α3,α
ϕ ]t ·w0
where w0 ∈M0(G). As w ∈M(G), we see that α
m
2 α
n+r
3 α
s+t
4 = 1. Hence, m,n+ r and s+ t are
all divisible by p. As in the case of Φ23, one can show that
[α1,α
ϕ ]p = [α2,α
ϕ ]p = [α1,β
ϕ ]p = [α2,β
ϕ ]p = [α3,α
ϕ ]p = 1.
Thus,
w= ([α2,α
ϕ ][α1,β
ϕ ]−1)n · ([α2,β
ϕ ][α3,α
ϕ ]−1)s ·w0.
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To complete the proof, it suffices to show that [α2,α
ϕ ][α1,β
ϕ ]−1 and [α2,β
ϕ ][α3,α
ϕ ]−1 both
belong to M0(G). Indeed, the fact that [α2β ,αα1] = 1 implies that [α2β ,(αα1)
ϕ ] ∈M0(G). On
the other hand,
[α2β ,(αα1)
ϕ ] = [α2,α
ϕ
1 ][α2,α
ϕ ][α3,α
ϕ
1 ][α3,β
ϕ ][β ,α
ϕ
1 ][β ,α
ϕ ]
and [α2,α
ϕ
1 ], [α3,α
ϕ
1 ], [α3,β
ϕ ], [β ,αϕ ] all belong toM0(G). Hence, [α2,α
ϕ ][α1,β
ϕ ]−1 ∈M0(G).
Similarly, as [α2α,βα3] = 1, one can expand [α2α,(βα3)
ϕ ] to see that [α2,β
ϕ ][α3,α
ϕ ]−1 ∈
M0(G). Therefore, w ∈M0(G) and B0(Φ30) = 0. 
Proposition 3.9. B0(Φ31) = B0(Φ33) = B0(Φ34) = 0.
Proof. We take G= Φ31(1
6). The polycyclic presentation of G in James [9] consists of 6 gener-
ators α,α1,α2,β1,β2,γ of order p and 4 nontrivial commutator relations:
[α1,α] = β1, [α2,α] = β2, [α1,β1] = γ = [α2,β2].
By Lemma 2.3, the group [G,Gϕ ] is generated by [α1,α
ϕ ], [α2,α
ϕ ], [α1,β
ϕ
1 ] and [α2,β
ϕ
2 ]modulo
M0(G). As before, one can check that any two of these generators are commutingmoduloM0(G).
Thus each element w of [G,Gϕ ] can be expressed as
w= [α1,α
ϕ ]m[α2,α
ϕ ]n[α1,β
ϕ
1 ]
s[α2,β
ϕ
2 ]
t ·w0
where w0 ∈ M0(G). As w ∈ M(G), we see that β
m
1 β
n
2 γ
s+t = 1. Hence, m,n and s+ t are all
divisible by p. As in the case of Φ13, one can show that [α1,α
ϕ ]p = [α2,α
ϕ ]p = [α1,β
ϕ
1 ]
p =
[α2,β
ϕ
2 ]
p = 1. Thus,
w= ([α1,β
ϕ
1 ][α2,β
ϕ
2 ]
−1)s ·w0.
It is sufficient to show that [α1,β
ϕ
1 ][α2,β
ϕ
2 ]
−1 ∈M0(G). Indeed, the fact that [α1β2,β1α2] = 1
implies that [α1β2,(β1α2)
ϕ ] ∈M0(G). On the other hand,
[α1β2,(β1α2)
ϕ ] = [α1,α
ϕ
2 ][β2,α
ϕ
2 ][α1,β
ϕ
1 ][γ,β
ϕ
2 ][β2,β
ϕ
1 ][γ,α
ϕ
2 ]
and [α1,α
ϕ
2 ], [γ,β
ϕ
2 ], [γ,α
ϕ
2 ], [β2,β
ϕ
1 ] all belong to M0(G). Hence, [α1,β
ϕ
1 ][α2,β
ϕ
2 ]
−1 ∈M0(G).
Therefore, w ∈M0(G) and B0(Φ31) = 0.
Similar argument applies on the cases of Φ33 and Φ34. Here we only sketch the proofs. First,
we takeG=Φ33(1
6) so that it has a polycyclic presentation ofG in James [9] consists of 6 gener-
ators α,α1,α2,β1,β2,γ of order p and 4 nontrivial commutator relations: [α1,α] = β1, [α2,α] =
β2, [α1,β1] = γ = [β2,α]. Note that each element w ∈ [G,G
ϕ ] can be expressed as
w= [α1,α
ϕ ]m[α2,α
ϕ ]n[α1,β
ϕ
1 ]
s[β2,α
ϕ ]t ·w0
for somew0 ∈M0(G). Moreover, as w∈M(G), one can show that w= ([α1,β
ϕ
1 ][β2,α
ϕ ]−1)s ·w0.
Note that [α1α,(β1β2)
ϕ ] ∈M0(G) and
[α1α,(β1β2)
ϕ ] = [α1,α
ϕ
2 ][α,β
ϕ
2 ][α1,β
ϕ
1 ][γ,α
ϕ ][α,β
ϕ
1 ][γ,β
ϕ
2 ].
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Since [α1,α
ϕ
2 ], [γ,α
ϕ ], [α,β
ϕ
1 ], [γ,β
ϕ
2 ] all belong to M0(G), it follows that [α1,β
ϕ
1 ][β2,α
ϕ ]−1 ∈
M0(G). Hence, M(G) =M0(G) and B0(Φ33) = 0.
For the case of Φ34, we take G = Φ34(321). The polycyclic presentation of G in James [9]
consists of 6 generators α,α1,α2,β1,β2,γ and the following nontrivial relations:
[α1,α] = β1, [α2,α] = β2, [α1,β1] = γ = β
p
1 = [β2,α],α
p = β1,α
p
1 = β2.
Note that each element w ∈ [G,Gϕ ] can be expressed as
w= [α1,α
ϕ ]m[α2,α
ϕ ]n[β2,α
ϕ ]s[α1,β
ϕ
1 ]
t ·w0
for some w0 ∈M0(G). Moreover, as w ∈M(G), one can show that n and s+ t both are divisible
by p, and p2 divides m. One can show that
[α1,α
ϕ ]p
2
= [α2,α
ϕ ]p = [β2,α
ϕ ]p = [α1,β
ϕ
1 ]
p = 1.
Thus w = ([β2,α
ϕ ][α1,β
ϕ
1 ]
−1)t ·w0. Since [β2β1,αα1] = 1, one can expand [β2β1,(αα1)
ϕ ] to
see that [β2,α
ϕ ][α1,β
ϕ
1 ]
−1 ∈M0(G). Hence, M(G) =M0(G) and B0(Φ34) = 0. 
Proposition 3.10. B0(Φ35) = B0(Φ37) = 0.
Proof. We take G=Φ35(1
6) and Φ37(1
6) respectively. They both are generated by α,α1, . . . ,α5.
For the case of Φ35, the generators have the following nontrivial commutator relations:
[αi,α] = αi+1
for 1 ≤ i ≤ 4. By Lemma 2.3, the group [G,Gϕ ] is generated by {[αi,α
ϕ ] | 1 ≤ i ≤ 4} modulo
M0(G). As before, one can check that any two of these generators of [G,G
ϕ ] are commuting
moduloM0(G). Thus each element w of [G,G
ϕ ] can be expressed as
w=
(
4∏
i=1
[αi,α
ϕ ]mi
)
·w0
where w0 ∈ M0(G). As w ∈ M(G), we see that α
m1
2 α
m2
3 α
m3
4 α
m4
5 = 1. Hence, p divides mi
for 1 ≤ i ≤ 4. As in the case of Φ23, one can show that [αi,α
ϕ ]p = 1 for 1 ≤ i ≤ 4. Hence,
w= w0 ∈M0(G) and B0(Φ35) = 0.
The case of Φ37 is much more complicated. Firstly, the generators for G= Φ37(1
6) have the
following nontrivial commutator relations:
[αi,α] = αi+1, [α2,α3] = [α3,α1] = [α4,α1] = α5
for i= 1,2,3. The group [G,Gϕ ] can be generated by
[α1,α
ϕ ], [α2,α
ϕ ], [α3,α
ϕ ], [α2,α
ϕ
3 ], [α3,α
ϕ
1 ], [α4,α
ϕ
1 ]
modulo M0(G). Except for [α1,α
ϕ ] and [α2,α
ϕ ], any two of these generators commutates each
other modulo M0(G). Note that [[α1,α
ϕ ], [α2,α
ϕ ]] = [α2,α
ϕ
3 ]. Thus each element w ∈ [G,G
ϕ ]
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can be expressed as
w=
(
3∏
i=1
[αi,α
ϕ ]mi
)
· [α2,α
ϕ
3 ]
r · [α3,α
ϕ
1 ]
s · [α4,α
ϕ
1 ]
t ·w0
for some w0 ∈ M0(G). Moreover, as w ∈M(G), we see that p divides m1,m2,m3 and r+ s+ t
respectively. One can show that [α1,α
ϕ ]p = [α2,α
ϕ ]p = [α3,α
ϕ ]p = [α2,α
ϕ
3 ]
p = [α3,α
ϕ
1 ]
p =
[α4,α
ϕ
1 ]
p = 1. Thus
w= ([α2,α
ϕ
3 ][α3,α
ϕ
1 ]
−1)r([α3,α
ϕ
1 ]
−1[α4,α
ϕ
1 ])
t ·w0.
We observe that [α2α1,α3] = [α2,α3][α2,α3,α1][α1,α3] = 1. Thus [α2α1,α
ϕ
3 ] ∈ M0(G). Note
that [α2α1,α
ϕ
3 ] = [α2,α
ϕ
3 ][α2,α
ϕ
3 ,α1][α1,α
ϕ
3 ]. As [α2,α
ϕ
3 ,α1] = [α5,α
ϕ
1 ] ∈ M0(G), it follows
that [α2,α
ϕ
3 ][α3,α
ϕ
1 ]
−1 = [α2,α
ϕ
3 ][α1,α
ϕ
3 ] ∈M0(G). Moreover, as [α3α1,α1α4] = 1, it follows
that [α3α1,(α1α4)
ϕ ] ∈ M0(G). Expanding [α3α1,(α1α4)
ϕ ], we see that [α3,α
ϕ
1 ]
−1[α4,α
ϕ
1 ] ∈
M0(G). Therefore, w ∈M0(G) and B0(Φ37) = 0. 
Proposition 3.11. B0(Φ40) = B0(Φ41) = B0(Φ42) = B0(Φ43) = 0.
Proof. We will take G = Φ40(1
6),Φ41(1
6),Φ42(222)a0 and Φ43(222)ar respectively. They both
are generated by α1,α2,β ,β1,β2,γ .
(1) We take G= Φ40(1
6). The G has the following nontrivial commutator relations:
[α1,α2] = β , [β ,α1] = β1, [β ,α2] = β2, [β1,α2] = [β2,α1] = γ.
By Lemma 2.3, the group [G,Gϕ ] is generated by [α1,α
ϕ
2 ], [β ,α
ϕ
1 ], [β ,α
ϕ
2 ], [β1,α
ϕ
2 ] and [β2,α
ϕ
1 ]
moduloM0(G). One can check that any two of these generators of [G,G
ϕ ] are commuting mod-
uloM0(G). Thus each element w of [G,G
ϕ ] can be expressed as
w= [α1,α
ϕ
2 ]
m[β ,α
ϕ
1 ]
n[β ,α
ϕ
2 ]
r[β1,α
ϕ
2 ]
s[β2,α
ϕ
1 ]
t ·w0
where w0 ∈ M0(G). As w ∈ M(G), we see that β
mβ n1 β
r
2γ
s+t = 1. Hence, p divides m,n,r and
s+ t respectively. As in the case of Φ23, one can show that
[α1,α
ϕ
2 ]
p = [β ,α
ϕ
1 ]
p = [β ,α
ϕ
2 ]
p = [β1,α
ϕ
2 ]
p = [β2,α
ϕ
1 ]
p = 1
which implies that
w= ([β1,α
ϕ
2 ][β2,α
ϕ
1 ]
−1)s ·w0.
Note that [α1α2β1,α1α2β2] = 1. Thus [α1α2β1,(α1α2β2)
ϕ ] ∈M0(G). On the other hand,
[α1α2β1,(α1α2β2)
ϕ ] = [α1,β
ϕ
2 ][α1,β
ϕ
2 ,α2][α2,β
ϕ
2 ][γ
−1,β
ϕ
1 ][β1,β
ϕ
2 ] ·
[β1,α
ϕ
2 ][β1,α
ϕ
2 ,α
ϕ
1 ][β1,α
ϕ
1 ][γ,β
ϕ
2 ].
In the two-hand sides of the previous equality, all commutator factors except for [β1,α
ϕ
2 ] and
[α1,β
ϕ
2 ], are inM0(G). Hence, [β1,α
ϕ
2 ][β2,α
ϕ
1 ]
−1 ∈M0(G) and B0(Φ40) = 0.
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(2) We take G= Φ41(1
6). The G has the following nontrivial commutator relations:
[α1,α2] = β , [β ,α1] = β1, [β ,α2] = β2, [α1,β1]
−ν = [α2,β2] = γ
−ν
where all generators have order p. As before, one can show that each element w ∈M(G) can be
expressed as
w= ([α1,β
ϕ
1 ]
ν [α2,β
ϕ
2 ])
t ·w0
for some w0 ∈ M0(G) and t ∈ N. Note that [α1α2,β
ν
1 β2] = 1. Thus [α1α2,(β
ν
1 β2)
ϕ ] ∈M0(G).
We expand [α1α2,(β
ν
1 β2)
ϕ ] as follows:
[α1α2,(β
ν
1 β2)
ϕ ] = [α1,β
ϕ
2 ][α1,β
ϕ
1 ]
ν [γν ,β
ϕ
2 ][γ
ν ,α
ϕ
2 ][α2,β
ϕ
2 ][α2,β
ϕ
1 ]
ν .
As [α1,β
ϕ
2 ], [γ
ν ,β
ϕ
2 ], [γ
ν ,α
ϕ
2 ] and [α2,β
ϕ
1 ] all belong to M0(G), we see that [α1,β
ϕ
1 ]
ν [α2,β
ϕ
2 ] ∈
M0(G). Hence, w ∈M0(G) and B0(Φ41) = 0.
(3) The group G= Φ42(222)a0 has the following nontrivial commutator relations:
[α1,α2] = β , [β ,α1] = β1, [β ,α2] = β2, [α1,β2] = [α2,β1] = β
p = γ
together with α
p
1 = β
−1
1 γ
−1/2,α
p
2 = β2γ
1/2 and β
p
1 = β
p
2 = γ
p = 1. One can show that each
element w ∈M(G) can be expressed as
w= ([α1,β
ϕ
2 ][α2,β
ϕ
1 ]
−1)s ·w0
for some w0 ∈M0(G) and s ∈ N. Note that [α1α2β1,α1α2β2] = 1. Thus [α1α2β1,(α1α2β2)
ϕ ] ∈
M0(G). Expanding [α1α2β1,(α1α2β2)
ϕ ], we have
[α1α2β1,(α1α2β2)
ϕ ] = [α1,β
ϕ
2 ][α1,β
ϕ
2 ,α2][α2,β
ϕ
2 ][γ,β
ϕ
1 ][β1,β
ϕ
2 ][β1,α
ϕ
2 ][β1,α
ϕ
1 ][β1,α
ϕ
1 ,α
ϕ
2 ].
In the two-hand sides of this equality, all commutator factors except for [β1,α
ϕ
2 ] and [α1,β
ϕ
2 ],
are inM0(G). Hence, [α1,β
ϕ
2 ][α2,β
ϕ
1 ]
−1 ∈M0(G) and B0(Φ42) = 0.
(4) The group G= Φ43(222)ar has the following nontrivial commutator relations:
[α1,α2] = β , [β ,α1] = β1, [β ,α2] = β2, [α1,β2] = [α2,β1] = β
p = γ
together with α
p
1 = β2γ
k,α
p
2 = β
ν
1 γ
ℓ,β p = γn, and β
p
1 = β
p
2 = γ
p = 1, where n = ν +
(
p
3
)
, and
k, ℓ are the smallest positive integers satisfying
(k−ν)2−ν(ℓ+ν)2 ≡ r mod p,
for r ∈ {0,1, . . . , p−1}. As before, one can show that each element w ∈M(G) can be expressed
as
w= ([α1,β
ϕ
1 ]
ν [α2,β
ϕ
2 ])
t ·w0
for some w0 ∈ M0(G) and t ∈ N. Note that [α1α2,β
ν
1 β2] = 1. Thus [α1α2,(β
ν
1 β2)
ϕ ] ∈M0(G).
We expand [α1α2,(β
ν
1 β2)
ϕ ] as follows:
[α1α2,(β
ν
1 β2)
ϕ ] = [α1,β
ϕ
2 ][α1,β
ϕ
1 ]
ν [γν ,β
ϕ
2 ][γ
ν ,α
ϕ
2 ][α2,β
ϕ
2 ][α2,β
ϕ
1 ]
ν .
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As [α1,β
ϕ
2 ], [γ
ν ,β
ϕ
2 ], [γ
ν ,α
ϕ
2 ] and [α2,β
ϕ
1 ] all belong to M0(G), we see that [α1,β
ϕ
1 ]
ν [α2,β
ϕ
2 ] ∈
M0(G). Hence, w ∈M0(G) and B0(Φ43) = 0.We are done. 
4. NON-VANISHING BOGOMOLOV MULTIPLIERS
In this section, we apply the following lemma appeared in Hoshi-Kang-Kunyavskii [8, Lemma
2.1] to prove that B0(Φk) is not zero for k ∈ {18,20,21,36,38,39}. Throughout we denote the
cyclic group of order n by Cn and take the convention that
(ℓ
s
)
= 0 for 1 6 ℓ < s.
Lemma 4.1. Let N be a normal subgroup of a finite group G. Assume that the transgression map
tr :H1(N,Q/Z)G−→H2(G/N,Q/Z) is not surjective and the group EN/N is a cyclic subgroup
of G/N for any bicyclic subgroup E of G. Then B0(G) , 0.
Theorem 4.2. B0(Φk) , 0 for k ∈ ∆ = {18,20,21,36,38,39}.
Proof. Here we take G= Φk(1
6) and only give the proof for the case k = 18. Similar arguments
can be applied to the remaining cases if we take N = 〈β ,β1,β2〉 for the cases k ∈ {20,21} and
take N = 〈α3,α4,α5〉 for the cases k ∈ {36,38,39}.
The group G= Φ18(1
6) has a polycyclic presentation which consists of 6 generators of order
p: α,α1,α2,α3,β ,γ and nontrivial commutator relations:
[α1,α] = α2, [α2,α] = α3 = [α1,β ], [α,β ] = γ.
Let N be the subgroup ofG generated by α3,β ,γ . Then N is normal and isomorphic toCp×Cp×
Cp. Hence, H
1(N,Q/Z) = Hom(N,Q/Z) Cp×Cp×Cp. We define ϕ1,ϕ2,ϕ3 ∈ H
1(N,Q/Z)
by
ϕ1(α3) = 1/p, ϕ1(β ) = 0, ϕ1(γ) = 0;
ϕ2(α3) = 0, ϕ2(β ) = 1/p, ϕ2(γ) = 0;
ϕ3(α3) = 0, ϕ3(β ) = 0, ϕ3(γ) = 1/p.
Then H1(N,Q/Z) = 〈ϕ1,ϕ2,ϕ3〉. The actions of G on H
1(N,Q/Z) are given by
(α ·ϕ1)(α3) = ϕ1(α
−1α3α) = ϕ1(α3) = 1/p
(α ·ϕ1)(β ) = ϕ1(α
−1βα) = ϕ1(βγ
−1) = ϕ1(β )+ϕ1(γ
−1) = 0
(α ·ϕ1)(γ) = ϕ1(α
−1γα) = ϕ1(γ) = 0.
This means that α fixes ϕ1. Similarly, one can show that α also fixes ϕ2 and α ·ϕ3 =−ϕ2+ϕ3.
Moreover, α1(ϕ1) = ϕ1− ϕ2,α1(ϕ2) = ϕ2,α1(ϕ3) = ϕ3, and α2(ϕi) = ϕi for i = 1,2,3. For
any ϕ ∈ H1(N,Q/Z), we may write ϕ = a1ϕ1+ a2ϕ2+ a3ϕ for a1,a2,a3 ∈ {0,1, . . . , p− 1}.
We observe that ϕ ∈ H1(N,Q/Z)G if and only if a1 = a3 = 0. Clearly, ϕ2 ∈ H
1(N,Q/Z)G and
H1(N,Q/Z)G = 〈ϕ2〉  Cp. Since G/N is a group of order p
3 and of exponent p, it follows
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from [14, Proposition 6.3] that H2(G/N,Q/Z)  Cp×Cp. Hence, the transgression map tr :
H1(N,Q/Z)G −→H2(G/N,Q/Z) is not surjective.
To apply Lemma 4.1 to show that B0(G) is not zero, it is sufficient to show that the group
EN/N is a cyclic subgroup of G/N for any bicyclic subgroup E of G. Recall that a group E is
bicyclic if it is either isomorphic to a cyclic group or the direct product of two cyclic groups. By
the commutator relations of G, we see that
α i2 ·α
j = α j ·α i2 ·α
i j
3(4.1)
α i1 ·β
j = β j ·α i1 ·α
i j
3(4.2)
α i1 ·α
j = α j ·α i1 ·α
i j
2 ·α
i·( j2)
3(4.3)
α i ·β j = β j ·α i · γ i j(4.4)
where 1 6 i, j 6 p− 1. Let E be a bicyclic subgroup of G generated by e1,e2. Then EN/N
is a proper subgroup of G/N. Thus the order of EN/N is either p or p2. Now we claim that
|EN/N| = p. We assume by the way of contradiction that |EN/N| = p2. In the quotient group
G/N, we may write e1N = α
a1αa21 α
a3
2 N and e2N = α
b1αb21 α
b3
2 N for some ai,bi ∈ N. As in the
proof of [8, Lemma 2.1, Step 2], one shows that (e1N,e2N) only could be one of the following
three possibilities:
{(α1N,α2N),(αα
a3
2 N,α1α
b3
2 N),(αα
a2
1 N,α2N)}
by changing suitable generators e1,e2 if necessary. For the first case, we write e1 = α1α
a4
3 β
a5γa6
and e2=α2α
b4
3 β
b5γb6 . As e1 and e2 are commutating, it follows that α1β
a5α2β
b5 =α2β
b5α1β
a5 ,
which together with (4.2) implies that [α1,α2] , 1. This is a contradiction. For the second case,
using (4.1) and (4.3) we see that e1N does not commute with e2N. However, EN/N is abelian.
This is also a contradiction. Similarly, for the third case, one can use (4.1)–(4.4) to show that e1N
does not commute with e2N, also deriving a contradiction. Hence, the claim follows and EN/N
is a cyclic group. The proof is completed. 
ACKNOWLEDGMENTS
This research was partially supported by NSF of China (No. 11401087). The authors would
like to thank Urban Jezernik and Primoz Moravec for their help.
REFERENCES
[1] MICHAEL ARTIN AND DAVID MUMFORD, Some elementary examples of unirational varieties which are not
rational. Proc. London Math. Soc. 25 (1972) 75–95.
[2] RUSSELL D. BLYTH AND ROBERT F. MORSE, Computing the nonabelian tensor squares of polycyclic groups.
J. Algebra 321 (2009) 2139–2148.
[3] FEDOR A. BOGOMOLOV, The Brauer group of quotient spaces of linear representations. Math. USSR-Izv. 30
(1988) 455–485.
[4] FEDOR A. BOGOMOLOV, JORGE MACIEL AND TIHOMIR PETROV, Unramified Brauer groups of finite simple
groups of Lie type Aℓ. Amer. J. Math. 126 (2004) 935–949.
16 YIN CHEN AND RUI MA
[5] HUAH CHU AND MING-CHANG KANG, Rationality of p-group actions. J. Algebra 237 (2001) 673–690.
[6] HUAH CHU, SHOU-JEN HU, MING-CHANG KANG AND BORIS E. KUNYAVSKII, Noether’s problem and the
unramified Brauer group for groups of order 64. Int. Math. Res. Not. (2010) 2329–2366.
[7] HUAH CHU, SHOU-JEN HU, MING-CHANG KANG AND YURI G. PROKHOROV, Noether’s problem for
groups of order 32. J. Algebra 320 (2008) 3022–3035.
[8] AKINARI HOSHI, MING-CHANG KANG AND BORIS KUNYAVSKII, Noether’s problem and unramified Brauer
groups. Asian J. Math. 17 (2013) 689–713.
[9] RODNEY JAMES, The groups of order p6 (p an odd prime). Math. Comp. 34 (1980) 613–637.
[10] URBAN JEZERNIK AND PRIMOZ MORAVEC, Universal commutator relations, Bogomolov multipliers, and
commuting probability. J. Algebra 428 (2015) 1–25.
[11] MING-CHANG KANG, Bogomolov multipliers and retract rationality for semidirect products. J. Algebra 397
(2014) 407–425.
[12] MING-CHANG KANG AND BORIS KUNYAVSKII, The Bogomolov multiplier of rigid finite groups. Arch.
Math. (Basel) 102 (2014) 209–218.
[13] BORIS KUNYAVSKII, The Bogomolov multiplier of finite simple groups. Cohomological and geometric ap-
proaches to rationality problems, 209–217, Progr. Math. 282, Birkhäuser (2010).
[14] GENE LEWIS, The integral cohomology rings of groups of order p3. Trans. Amer. Math. Soc. 132 (1968)
501–529.
[15] IVO M. MICHAILOV, Noether’s problem for abelian extensions of cyclic p-groups. Pacific J. Math. 270 (2014)
167–189.
[16] IVO M. MICHAILOV, Bogomolov multipliers for unitriangular groups. C. R. Acad. Bulgare Sci. 68 (2015)
689–696.
[17] PRIMOZ MORAVEC, Groups of order p5 and their unramified Brauer groups. J. Algebra 372 (2012) 420–427.
[18] PRIMOZ MORAVEC, Unramified Brauer groups of finite and infinite groups. Amer. J. Math. 134 (2012) 1679–
1704.
[19] PRIMOZ MORAVEC, Unramified Brauer groups and isoclinism. Ars Math. Contemp. 7 (2014) 337–340.
[20] PRADEEP K. RAI, On Bogomolov multiplier and III-rigidity of groups. J. Algebra 534 (2019) 384–391.
[21] PRADEEP K. RAI AND MANOJ K. YADAV, On III-rigidity of groups of order p6. J. Algebra 428 (2015) 26–42.
[22] DAVID J. SALTMAN, Noether’s problem over an algebraically closed field. Invent. Math. 77 (1984) 71–84.
[23] RICHARD G. SWAN, Noether’s problem in Galois theory. Emmy Noether in Bryn Mawr, page 21–40, Springer
(1983).
DEPARTMENT OF MATHEMATICS, NANTONG UNIVERSITY, NANTONG 226019, P.R. CHINA AND SCHOOL
OF MATHEMATICS AND STATISTICS, NORTHEAST NORMAL UNIVERSITY, CHANGCHUN 130024, P.R. CHINA
E-mail address: ychen@ntu.edu.cn and ychen@nenu.edu.cn
SCHOOL OF MATHEMATICS AND STATISTICS, NORTHEAST NORMAL UNIVERSITY, CHANGCHUN 130024,
P.R. CHINA
E-mail address: mar770@nenu.edu.cn
